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New Approach to the Maneuvering and Control
of Flexible Multibody Systems
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A mathematical formulation capable of treating the problem of maneuvering and control of flexible multibody
systems is developed. The formulation is based on equations of motion in terms of quasicoordinates derived
independently for the individual substructures and on a consistent kinematical synthesis causing the substruc-
tures to act as a single structure. A perturbation approach permits the separation of the nonlinear high-dimen-
sional system of equations into a zero-order, low-dimensional problem for the rigid-body maneuvering and a
first-order, high-dimensional, time-varying problem for the elastic motions and the perturbations from the
rigid-body motions. The formulation lends itself to ready computer implementation. A numerical example
involving a three-beam system demonstrates the effectiveness of the new algorithm.

I. Introduction

F OR a number of years there has been a persistent interest
in the dynamics of flexible multibody systems. This type

of system is encountered in flexible robots, rotorcraft, and
spacecraft. Equations of motion for flexible multibody sys-
tems have been derived by a variety of approaches.1'9

Recently, the interest has broadened so as to include maneu-
vering and control. This narrows the choice of formulations
significantly, as the formulation must be consistent with the
control task. A set of equations of motion suited for the con-
trol task can be formulated by means of Lagrangian equations
for flexible bodies in terms of quasicoordinates.10 The advan-
tage of this approach is that it yields equations in terms of
body axes, which are the same axes as those used to express
control forces and torques. In using the approach of Ref. 10
to derive equations of motion for a chain of flexible multibody
systems, it is convenient to adopt a kinematic procedure per-
mitting the expression of the velocity vector of a nominal point
in a typical body in terms of the velocity vector of the preced-
ing body in the chain. The resulting differential equations are
nonlinear and hybrid,11 where the term "hybrid" implies that
the equations for the rigid-body translations and rotations are
ordinary differential equations and those for the elastic mo-
tions are partial differential equations. Because maneuvering
and control design in terms of hybrid equations is not feasible,
the partial differential equations must be transformed into sets
of ordinary differential equations by means of a discretization-
in-space procedure, such as the finite element method12 or a
Rayleigh-Ritz-based substructure synthesis.13 The resulting
formulation consists of a high-order set of nonlinear ordinary
differential equations. A common approach to control design
requires the solution of a two-point boundary-value problem.
However, this is not feasible for high-order systems; hence, a
different approach is advisable.

The nonlinearity enters into the differential equations
through the rigid-body motions. Indeed, the elastic motions
tend to be small. In view of this, it appears natural to conceive
of a perturbation approach whereby the rigid-body motions
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can be regarded as being of zero order in magnitude and the
elastic motions as being of first order in magnitude. This ap-
proach permits dividing the problem into a low-dimensional
set of nonlinear zero-order equations for the rigid-body mo-
tions and a high-dimensional set of linear first-order equations
for the elastic motions and the perturbations in the rigid-body
motion, where the order is to be taken in a perturbation sense.
Note that, because the zero-order solution enters into the first-
order equations as a known function of time, the first-order
equations represent a time-varying system. Moreover, the sys-
tem is subjected to persistent disturbances. The perturbation
approach just described, first proposed in Ref. 14, was used in
Refs. 15-19 to maneuver and control flexible spacecraft.

The kinematical synthesis of Refs. 14-19 works quite well
in the case in which the number of bodies in the chain is
relatively small. When the number of bodies is larger than
three, difficulties can be expected, so that a different approach
is advisable. In Refs. 14-19, the kinematical synthesis was
implemented before the derivation of the equations of motion
was carried out. In this paper, we consider a procedure
whereby the equations of motion are derived first for each
individual flexible body. Then the sets of equations for the
individual bodies are assembled into a global set by invoking
the kinematical relations described earlier. In the process, the
redundant coordinates and velocities resulting from consider-
ing the individual bodies separately are eliminated. It is conve-
nient to carry out the kinematical synthesis on the zero-order
problem and first-order problem separately. Implementation
of the kinematical synthesis is based on recursive relations that
lend themselves to ready computer coding. The resulting zero-
and first-order global sets of equations are particularly suited
for maneuvering and control design, respectively.

The zero-order nonlinear equations govern the maneuver as
if the system consisted of articulated rigid bodies where the
maneuver amounts to driving the system from an initial state
to a final state. The equations can be solved open loop or
closed loop. For minimum-time maneuvering, the control law
is bang-bang. The simplest approach is to carry out the maneu-
ver by means of actuators that impart predetermined motions
to the substructures relative to one another. The first-order
equations govern the elastic vibrations and the perturbations
in the rigid-body motions. They contain the zero-order solu-
tion as a known function of time. As a result, the system is
time varying. Moreover, it is subjected to persistent distur-
bances caused by the maneuver. The process can be likened to
that in which the system must follow a reference state. In this
case the reference state is defined by the rigid-body maneuver-
ing, which is characterized by zero elastic states. Then the
first-order equations are simply the equations in terms of the
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difference between the actual states and the reference states,
where this difference can be identified as perturbations in the
state variables. Control of the first-order system is carried out
closed loop and includes a disturbance accommodation proce-
dure. The latter depends on the type of disturbance, which in
turn depends on the type of maneuver performed.

As a numerical example, a three-beam system is considered,
in which a bang-bang control torque is applied to the center
beam. Numerical results show the effectiveness of the new
algorithm developed in this paper.

II. Hybrid Equations for the Substructures
Our interest lies in deriving equations of motion capable of

describing the problem of maneuvering and control of struc-
tures in the form of an articulated chain of N flexible sub-
structures. Such equations were derived in Refs. 11 and 16-19
by means of Lagrangian equations for flexible bodies in terms
of quasicoordinates.10 To this end, extensive use was made of
a kinematical procedure whereby the motion was referred to
sets of local body axes embedded in the undeformed substruc-
tures and the motion of one substructure was described in
terms of the motion of the preceding substructure in the chain.
This kinematical procedure obviates the need for constraint
equations. The approach of Refs. 11 and 16-19 was made
easier by the assumption that, for maneuvering substructures,
the relative motion between any two substructures was pre-
scribed a priori and could be regarded as known.

In this paper we consider the case in which the relative
motion between any two substructures is not prescribed a pri-
ori. The kinematical procedure described previously can be
used here as well. However, when the number TV of substruc-
tures in the chain becomes very large, the equations of motion
become very complicated, so that the question arises as to
alternative approaches. One such approach is to derive equa-
tions of motion for the individual substructures separately and
then impose kinematical relations of the type described earlier
to obtain the system's equations of motion. This is the alterna-
tive proposed in this paper.

Let us consider a typical substructure s and introduce the
inertial axes XjYjZj with the origin at / and a set of body axes
xsyszs with the origin at S and embedded in the undeformed
substructure (Fig. 1). Then we can write the position vector of
a typical point in s with the spatial coordinates given symboli-
cally by Ps as follows:

s = 1,2,... , N (1)

where Rs is the radius vector from /to S, rs is the radius vec-
tor from S to a typical point in s , and us is the elastic displace-
ment vector of the same point relative to the body axes xsyszs

(Fig. 1). Note that Rs is in terms of inertial coordinates and rs
and us are in terms of components along the body axes. We
propose to derive the equations of motion by the approach of
Ref. 10. In fact, the equations for the individual bodies are
identical to the hybrid equations derived there, so that here we
merely present the pertinent material.

The Lagrangian formulation requires the kinetic energy,
which in turn requires velocities. Assuming that axes xsyszs
rotate with the angular velocity co5 relative to the inertial space,
the velocity vector of a typical point in 5 can be shown to be

= Vs(t) vs(Ps,t)

s = l,2,...,N (2)

where Vs is the velocity vector of 5 and vs = iis is the elastic
velocity vector of the typical point. We note that a tilde over
a symbol denotes a skew symmetric matrix formed from the
corresponding vector.10

The vector Rs describes the position of the origin S of the
body axes xsyszs relative to the inertial axes XjYjZi in terms
of inertial components. The orientation of the body axes xsyszs
relative to the inertial space is commonly described by a set of
three angles, say, 05l, 052, #53. Euler's angles represent one of
the possible sets. The time derivatives of these angles, 05l , 052>
053 , can be interpreted as angular velocity components of the
body about nonorthogonal axes, with one of the components
having a fixed direction in the inertial space. On the other
hand, the vectors Vs and w5 represent translational and rota-
tional velocity vectors of the body axes, respectively, and are
in terms of components about the orthogonal body axes. The
relation between the velocity vectors in terms of components
along body axes and inertial axes can be written as10

Vs = CSRS (3a)

(3b)

where Cs = Cs(6si9dS2,0S3) *s the matrix of direction cosines
between xsyszs and X/Y/Zf and Ds =Ds(Qsi,Os2,Os3) is a trans-
formation matrix. Note that the components of Vs and to5 can
be regarded as time derivatives of quasicoordinates.10 For var-
ious applications, including the one under consideration, it is
advantageous to work with body axes components of motion,
which makes the quasicoordinates a natural choice.

Next, we wish to present the equations of motion in terms
of quasicoordinates for a single substructure. Using Eqs. (2),
we can write the kinetic energy for substructure s in the follow-
ing form:

1 I
Ps(rs + us)vs d£>5 + - Psvs

Tvs d£>5 (4)
£>5

 Z J 3D,

where ps is the mass density, 3D5 is the domain of the substruc-
ture, and

Fig. 1 Typical flexible body in the chain.

ms=

ss =

Js=

(5a)

(5b)

(5c)
3D,
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Moreover, the potential energy can be expressed in the follow-
ing form:

Vs = V2[us,us}+Vgs (6)

where [, ] denotes symbolically an energy integral12 and is a
measure of the strain energy, and Vgs is a gravitational poten-
tial energy.

From Ref. 10 we obtain the general hybrid Lagrangian
equations in terms of quasicoordinates:

(7a)

(7C)

where Ls = Ts - Vs is the Lagrangian, Ls the Lagrangian den-
sity, Ts the kinetic energy density and £s a differential opera-
tor matrix whose entries depend on the nature of the elastic
members,12 and we observe that, for large angles, 05 is a vector
only in a symbolic way. Moreover, Fs is a resultant force vec-
tor acting on 5, Ms a resultant moment vector, and Us a force
density vector. They represent nonconservative forces and
torques and include control forces and torques. We note that
Eqs. (7) are hybrid, as Eqs. (7 a) and (7b) are ordinary dif-
ferential equations for the rigid-body translations and rota-
tions of the body axes xsyszs, respectively, and Eq. (7c) is a
partial differential equation for the elastic displacements of a
typical point in the substructure relative to axes xsyszs- We
note that the operator £s is related to the energy integral by

(8)
s,

Equation (8) can be derived through integrations by parts.12

The same integration by parts also yields boundary conditions
involving geometric compatibility and force and moment bal-
ance. The boundary conditions go with Eq, (7c). Inserting
Eq. (4) into Eqs. (7)* we obtain more explicit hybrid equations,
which can be written in the state form

msVs Psvs d£>5 = (2SV5 + msVs

(9a)

§SVS + /5w5 + Ps(fs + us)vs d£>5 = (§s Vs - &SJS - Jvs)as
3D,

(9b)

- Ps a;2 (rs + us) - £sus + Us

where

=SS= Psvs d£>5

(9c)

(lOa)

PS [vs(rs + us)T + (fs + us)v5
r] d305 (lOb)

The complete set of state equations is obtained by augmenting
Eqs. (9) with the relations

RS = CJVS (lla)

OS = D-IUS (lib)
US=VS (lie)

where Eqs. (lla) and (lib) are merely the inverse of Eqs. (3a)
and (3b), respectively, and Eq. (lie) represents a definition in-
troduced earlier.

III. Spatial Discretization of the
Partial Differential Equations

For chains of flexible substructures such as those under
consideration here, no closed-form solution of the hybrid dif-
ferential equations is possible, so that we must be content with
an approximate solution. This implies discretization in space
of the partial differential equations, which amounts to re-
placing the partial differential equations by sets of ordinary
differential equations. The discretization can be carried out by
means of the finite element method or the classical Rayleigh-
Ritz method.12 In either case, we express the elastic displace-
ment vector in the following form:

(12)

where $s are matrices of admissible functions and qs are vec-
tors of generalized displacements. The nature of the admissible
functions is discussed in Ref. 13.

Introducing Eq. (12) into Eq. (4), we obtain the kinetic
energy in the discretized form:

Ts =

(13)

where

= psfs d£>5, Psrs
Trs

Ms= (14)

Hs=Hs(us) = d3X

Moreover, inserting Eq. (12) into Eq. (6), we obtain the poten-
tial energy in the discretized form:

where

(15)

(16)

represents the substructure stiffness matrix.
Equations (7a) and (7b) retain their form. On the other

hand, Eq. (7c) must be replaced by its discretized version, or

_ /3L,
At \dp \dq

(17)

where ps = qs and Qs is a generalized force vector whose ex-
pression is given in the next section. If the gravitational poten-
tial energy is sufficiently small compared to the elastic poten-
tial energy so that it can be ignored, then Ls does not depend



KWAK AND MEIROVITCH: MANEUVERING AND CONTROL 1345

explicitly on Rs and Os. It follows that the terms 8Ls/dRs and
dLs/dBs can be omitted from Eqs. (9a) and (9b), respectively.
Then the discretized version of the state equations, Eqs. (9),
can be verified to be

- (Sss Fs (18a)

+ 3>5V - 2HsPs

-[Ks+Hs+fls)\qs + Qs

which must be augmented by

qs=ps

(18b)

(18c)

(19)

IV. Generalized Forces and Torques
in Terms of Actuator Forces and Torques

The terms Fs, Ms, and Qs on the right side of Eqs. (18) can
be regarded as generalized force and torque vectors. Our ob-
ject is to express FS,MS, and Qs in terms of the actuator forces
and torques. We propose to accomplish this by means of the
virtual work expression. To this end, we use the analogy with
Eq. (2), consider Eq. (3a), and write the virtual displacement
vector

= CsdRs dus (20a)

where dcts is a vector of virtual quasiangular displacements of
the reference frame xsyszs- Moreover, the vector of virtual
quasiangular displacements of the body can be expressed in the
following form:

V X dus (20b)

where Vx6«5 is the contribution of the elastic motions. We
observe that bWs and <505 are in terms of body axes compo-
nents. Introducing Eq. (12) into Eqs. (20), we obtain the dis-
cretized versions:

dWs = CsdRs + (rs + $si

<5O5 = das + ^

where ^5 is a matrix defined by

(2 la)

(21b)

(22)

Next, we assume that the control is implemented by dis-
tributed actuators applying the force density fs(rs,t) and
torque density ms(rs,t). Then, using Eqs. (21), the virtual
work performed by the actuators can be expressed as

[fs
T(rs + ̂ 5)r+ ™/] d3)56«5

(23)

On the other hand, the same virtual work can be expressed in
terms of the generalized forces and torques in the following
form:

bWs = F? ?das + Qjbqs (24)

Fs= /,

so that, comparing Eqs. (23) and (24), we conclude that the
desired relations are

(25a)

(25b)

(25c)

Distributed actuators are not within the state of the art, so
that control implementation must be carried out by discrete
actuators, such as point actuators. But point actuators can be
treated as distributed by writing

"s

-E
/=!

m5

ms= £ m5j(t)b(rs-rsj)
7=1

(26a)

(26b)

where/5/ and msj are time-dependent amplitudes and d(rs - rsi)
and d(rs -rsj) are spatial Dirac delta functions defined by

(27a)

(27b)

where rsk denotes actuator locations. Hence, inserting Eqs.
(26) into Eqs. (25) and considering Eqs. (27), we obtain

Ms= ^] fsi ms

Qs= *sr('5/) fsi + *Rrsj)msj
1=1 7=1

(28b)

(28c)

The equations of motion in terms of actuator forces and
torques are obtained by introducing Eqs. (28) into Eqs. (18).

V. Perturbation Approach to the
Maneuvering and Control Design

Designing the maneuvering and control for articulated sys-
tems of substructures is very difficult, especially if the design
is to be optimal in some fashion. The difficulty can be traced
to the fact that the system is nonlinear and of high order. The
nonlinearity can be attributed to the rigid-body motions and
the high order to the elastic motions. The perturbation ap-
proach is based on the simple observation that rigid-body mo-
tions tend to be large compared to the elastic motions. Consis-
tent with this, we introduce the following notation:

fsi — fsiO + fsi 1

(29)
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where the subscript 0 denotes zero-order quantities and the
subscript 1 denotes first-order quantities, in which zero order
implies one order of magnitude larger than first order. The
elastic motions are by definition first order in magnitude.

Inserting Eqs. (29) into Eqs. (18a) and (18b), recalling Eqs.
(28a) and (28b) and separating order of magnitude, we obtain
the zero-order state equations characterizing the maneuver

ns

• £ .
1=1

ns ms

+ £ fsifsio + £ rnsjo
/=! 7=1

Moreover, the first two equations in (19) yield

(30a)

(30b)

(31)

where C^ = C5
r(05o) and D~Q

l=D~l(es0). Equations (30) and
(31) constitute the state equations for the zero-order problem
and can be cast in a compact form. To this end, we introduce
the substructure state vector

(32a)

where BSQ is a vector only in a symbolic way, and the substruc-
ture actuator force vector

•••™J^o(0] (32b)

Then, Eqs. (30) and (31) can be rewritten in matrix form

9^50*50 = 650*50+<B5o/50, s = 1,2,. . . ,TV (33)

where

50 ~

/ 0 0 0
0 / 0 0
0 0 msl SJo
0 0 gs0 Js0

0 0 Cs
ro

0 0 0
0 0 -msus0

0 0 -T

(34a)

(34b)

0 0

0 0

0

0

0 0

0 0

0 0
(34c)

in which 3Ks0 and es0 are 12x12 matrices and (Bs0 is a
llxSC/ij + OTj) matrix.

The preceding process also yields the first-order equations

(35a)

- Zsqs + £ ^/A/i + £ /»5y
/=! 7=1

- Ksqs + £
/=!

ms

£
7=1

(35b)

(35c)

where
- ms

«5

• £
i = l

A5 = 2&SQ

(36)

T, = - *5
rw,0 ~ 2*,r(«,o) -

in which tr denotes the trace of the matrix.
The state equations can be obtained by augmenting Eqs. (35)

with suitable kinematical relations between body axes and in-
ertial perturbations in the translational and angular displace-
ments. Denoting by Us\ and 05l the body-axes vectors of per-
turbations in the translational and angular displacements,
respectively, we can write these relations as follows:

Us\ = 051 = (37)

It can be verified that the time derivatives of the body-axes
perturbation vectors have the expressions

Usl = -S)s0Usl - F50&i + ysl

Psi = -&SO&1 + Wji

Then, introducing the perturbation state vector

*,i(0 = [^1(0 fii(t) qj(t) VT(t) ^(t) pf(t)] T

and the perturbation force vector

(38a)

(38b)

(39a)

'-™Lsi(t)}T (39b)

and recalling the last equation in (19), the first-order perturba-
tion state equations can be written in matrix form

dsl, s = 1,2, ... ,N (40)

where
/ 0 0 0 0
0 / 0 0 0
0 0 / 0 0
0 0 0 msl §JQ
0 0 0 Ss0 Js0

o o o $r $T

0

0

0
(41a)
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0

0

0

0

0

0

0

0

0

0 7
0 0
0 0

-KS -*Ja50

0 0
7 0
0 7

(B5l =

0

0

0

7

fsi

o
o
0

(4Ib)

0

0

0

7

VI. Kinematical Synthesis for
the Zero-Order Equations

The derivation of the equations for the individual substruc-
tures was carried out in Sec. II as if the substructures were free
to move relative to one another. In reality, however, they are
all part of an interacting system of flexible bodies, so that the
motions of the various substructures are coupled. Indeed, be-
cause the various substructures are hinged to one another, the
motion of a given hinge is accounted for several times, once
for each substructure sharing the hinge. As a result, the mo-
tions defined by the independent equations of motion derived
in Sec. II contain redundant coordinates. In this regard, we
note that hinges constrain the translational motions but leave
the rotational motions free. The kinematical synthesis to be
introduced soon is designed to eliminate the surplus coordi-
nates. To this end, we consider two adjacent substructures in
the chain, say, p and #, as shown in Fig. 2. We propose to
carry out the kinematical synthesis for the zero-order and first-
order equations separately. Then, with reference to Fig. 2, we

Substructure p

conclude that the zero-order rigid-body displacements and ve-
locities of the two substructures are related as follows:

D — J? -I- C^T j (A.")5i\**qQ ~ **pQ ' ^pQ^pq \*^<*)

0
0
0
0
7

>„>

VqQ-.

«q0-

0
0
0
0
7

*,r(r,z) -

= 0*0 (42b)

= C^(K/,o-/^wPo) (42c)

= w^0 (42d)

0 n

0
0
0
7

*J(W

(41c)

(4Id) where Lpq is a radius vector from p to q and Cqp = CqQCp0 is
the matrix of direction cosines between xqyqzq and xpypzp.
From Eqs. (42a) and (42c), we conclude that the position vec-
tor and translational velocity vector of one substructure are
independent. We choose arbitrarily this substructure to be the
first, 5 = 1. Repeated use of Eqs. (42a) and (42c) permits us to
write the following recursive formula for the position and
velocity vectors of substructure s:

5-1

: *10 + £ <
7=1

7=1

(43a)

(43b)

Equations (43) represent constraint equations, which can be
used to eliminate the surplus coordinates implicit in Eqs. (33).
Indeed, using Eqs. (42b), (42d), and (43), we obtain a recursive
formula relating the state of substructure s to the position of
the independent state corresponding to the aggregation of sub-
structures 1 through 5 in the following form:

(44)

where jc"0 = jc50 is the 12-dimensional substructure state vector
defined by Eq. (32a),

*sco=*io 0fo 0&~'*Jo YW <»w «J>-«sror (45a)

(45b)

are a partial 6(s + l)-dimensional state vector and a partial
12-dimensional position vector, respectively, and

(46)

is a 12 x 6(5 + 1) matrix, in which

7 0 ... 0 0

0 0 ••• 0 /

0 0 ••• 0 0

Fig. 2 Two adjacent substructures in the chain.
0 0 0 0

(47a)
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0
0

C5l

0

0
0

-CSIL12

0

0
0

... -C5,5_ !/;_!,,
0

0
0
0
7

(47b)

are 12x3(5 + 1) submatrices. Note that the superscripts u
and c indicate unconstrained and constrained vectors, respec-
tively, where the latter represents a vector of independent state
variables.

Equations (33) represent a set of disjoint equations, which
implies that the equations for one substructure are indepen-
dent of those for another substructure. To obtain a set of
equations describing the motion of our system of interacting
substructures, the equations must be transformed into a set in
terms of entirely independent state variables. To this end, we
first combine Eqs. (33) into

(48)

where

X\Q

•^20

x NO

/0 =
/20

/7VO

(49)

are 127V-dimensional and 3^=i(ns + ra5)-dimensional vectors,
respectively, and

9H0 = block diag(9H5o)

C0 = block diag(e50)

<B0 = block diag((B50)

(50)

are 12A^xl2N, l2Nx 127V and 127Vx3Lf=1 (ns + ms) ma-
trices of coefficients, respectively. To achieve our goal, we
must invoke Eqs. (44). The process can be carried out conve-
niently by introducing the 127V-dimensional vectors

where T$ and T$ are 12 x 6 matrices, T$ and T$ are 12 x 9
matrices, and TNQ is a 12x6(7V+l) matrix, as well as the
127V-dimensional vector

(54)

This permits us to combine the constraint equations, Eqs. (44),
into

X0 = (55)

where, with reference to Eq. (45a), XQ = X^O. Moreover, TQ
_yW 7-*
-^5=iy 50-

Inserting Eq. (55) into Eq. (48) and rearranging, we have

3TCo T0 XCQ = (C0 T0 - 3TCo 7o)*o + (B0/o + <Vo - 2TCo*o (56)

Finally, multiplying Eq. (56) on the left by TQ and then multi-
plying the resulting equation on the left by (J^Sllo Jo)"1, we
obtain the state equation for the zero-order problem in the
following form:

where

(57)

(58a)

(58b)

(58c)

and note that we dropped the superscript c for simplicity of
notation.

VII. Kinematical Synthesis for
the First-Order Equations

The kinematical synthesis for the first-order equations is
carried out in the same way as that for the zero-order equa-
tions. The derivation of the constraint relations is tedious and
is omitted here for brevity. The basic recursive relations are

XIQ
0

0

V*> X20 —

0

*20

0

, . . . , XNQ -

0
0

XNO

(51)

Then we can write

and

N

5 = 1
(52)

qq = qq

Vq\ =

oCgpVpg + Cgp

[Vpl-LpqUpl

(59)

Pq = Pq

T-*7 10 =

j'C1) o • • • 0 T^ 0 • • • 0

o o ... o o o ... o

o o ... o o o ••• o

o o ... o o o ... o
r2(01} - ••• o T$ - ... o

o o ... o o o ... o

T* —
9 • ' • 9 1 NO ——

(53)

0 0 0 • • • 0
o o o . . . o

TNQ
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where in which 7}j_, can be shown to have the following form:

*/* = *p (IT*)' *pq = *p (Lpq) (60) >R1) i 0 0 0

Equations (59) can be written in compact form: 0 Is-j+\ 0 0
j,j-l — j,(2p Q 7\(22) Q

x i - T* Jt*, (61^ 7 '7~1 7 'y~1
•^tfl — -* qp-^pl W1/

0 0 0 /s-y+1

where

(68)

-

r T T T T T TIT As in Sec. VI, we can combine the disjoint perturbation equa-
#<?i = L^i /V ?</ Ffi Wflri p^J (62a) tionsinto

*,*!=[*# fpl qT
p qT

q VT
p, «£ P

T
p P

T
q]T (62b) gi^i^d*

are substructure perturbation state vectors and where

T^l
p

l} 0 0 0 x
0 7 0 0 r

T* - (63^ 11 21 /•7 ̂  ~ ^(21) Q T(22) Q VOJ; x» = ? ^ =

0 0 0 / #7V1

is a transformation matrix, in which ancj

•" + (B i /i + d i

/n df2: , *= d

/Nl ^j

[r r T r * "1^^P ^qp^pq ^qp^PQ _ r(22) /fi4 x 9H! = block diag(9H5i)
0 /^ C* ^ \ QP v"^4*/

rQ 12 13 -i ei = block diag(C5l)
7-(2i) I T9P T9/J r64h^

w LO 0 C^o^J ^ (B, = block diag«B5l)
wnere Then, completing the substructure state vectors

Tqp = YpQ^qp ' ^-'Q/7 1 \.-*-'pq^pQ\ pO/ W^^-/
#11

T^p = VpQCqp^?pq + Cqp&pQ$pq (65b) Q
V* V*#11 = . > #21 —

Considering Eq. (61), we can write :

#"1 = 7^, s = 2,3,. . . , N (66) _ .

0 0

*2* * °

0 A:̂

where and introducing the constrained perturbation st

#"i = #51 (67a) #1 - [̂ 11 Pn Q\ Q2"'QN V\\ wn Pi P2
2

Ts\ = Ts s-i ••• T32T2\ = II 7 j- 1 (67b) we can write the relation between the unconstrai
j=s ' ture vectors and the constrained vector in the fo

#5ci = [U& fa ql ql"' qj V& ^ pi pi pT
N\ T ,* = r* x^ 5=2,3, . . . ,7V

(69)

n

21 (70)

VI

(71)

so as to read

(72)

/i

ate vector

. . n rl r n^nPN\ \'3)

ned substruc-
lowing form:

(74)
(67c)

where T*\ are obtained from T5l by adding null matrices, in
a process similar to that described by Eqs. (53). Then, using

C 'J Eqs. (70), the unconstrained state vector can be written as
C1 \ N TV

^t \Q l l 5=1 ̂  5=1 ^ 1

03 \62A y where\^^f^\. N

•̂̂  5l
5=1

(75)

(76)

61 equations for the first-order perturbations

(77)

Multiplying Eq. (77) on the left by Tf and then multiplying the
result on the left by (T^SHi TI)~I, we obtain the state equations
for the zero-order problem in the following form:

Fig. 3 Rotations leading from inertial axes to body axes. (78)
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where where for beam 1, £/ = -0.5, £ r = 0.5 and for beams 2 and 3,
£ / = 0, £r = l. In addition,

(79)

and we note that once again we dropped the superscript c.

VIII. Numerical Example
A computer program based on the algorithm developed here

was written using FORTRAN. The program, referred to as
MKLM, can handle three-dimensional problems and can ac-
commodate systems with branches. For the set of angles 0/
(/ = 1,2,3) shown in Fig. 3, the matrix of direction cosines and
the transformation matrix for the substructure s, defined by
Eqs. (19a) and (19b), respectively, are as follows:

Ms=ms l Myy

0 0
(85)

Hs = -ms'B2

0
0

_0

0
Myy

0

0
0
0_

_EIS

' K'-!F
0
0

_o

0
Kyy

0

0
0
0_

Cs =
cOs2cOs3 c6slsOs3 + sesls6s2cds3 sdslsOs3 - cOslsOs2c6s3

-cOs2sOs3 C6slc0s3-s0sls6s2ses3 sOslcOs3 + cOsls
sOs2 -seslc6s2 cOslcOs2

(80)

Ds=
" cds2cOs3 sOs3 0"
-cds2sOs3 cOs3 0

sds2 0 1
(81)

where cdsi = cos Osi and sOsi = sin 6si (i = 1,2,3).
As an example, we consider the planar motion of the three-

beam system shown in Fig. 4. Each body represents a uniform
slender beam of circular cross section. The maneuver consists
of a 41-deg counterclockwise rotation of the center beam and
is carried out according to the bang-bang control law by a
torquer located at the center of the center beam. In addition,
each beam is equipped with two actuators in charge of sup-
pressing elastic vibrations and perturbations in the "rigid-
body" maneuver motions. The location of the actuators is
shown in Fig. 4. Three sets of body axes are considered: one
with the origin at the center of beam 1 and the other with the
origin at the end of beams 2 and 3. The beams undergo bend-
ing deformation in the ys direction alone, so that the vector us
has only one nonzero component. Consistent with this, the
matrix <i>5 in Eq. (12) reduces to

(82)

It will prove convenient to introduce the nondimensional vari-
able £5 = xs/ls, so that rs = [xs 0 0] T= ls [£5 0 0]T. Moreover,
w5 = [0 0 0S]T. Then, using Eqs. (5a) and (14), we obtain

ms = PsAsls, SsQ = msls [ss0 0 0]T

!«' £•
J_ 2
16 s

= block-diag ms [0 T </> J 0 T]
(83)

in which As is the area, ls the length, and ds the diameter of the
beam, and

jso=

5 d£5, ij>s = £s<t>s d£s

in which

_ " VS " V5 ,£

""!«,«; «; dL

(86a)

(86b)

To test the computer program, a bang-bang torque is
applied to the center beam, which is given by M— 100 Nm,

/ /
? ?'
| 0 4 / 3 ~ | 05/3

I T
yi y2

^fZ3 '
J A )*-— ' A / A A
?3

 Zl \ 2
|_ o.̂  — j_ o.̂  — | | — 05/2 — |— o.4i2— \

/21 /22

FlS- 4 Three-beam system.

t=o.o

t=1.0

t=1.5

t = 2.0

t = 3.0

t=3.5

t = 4.0

Fig. 5 Time lapse picture of the three-beam system.
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0 < t < 2 s and M = - 100 Nm, 2 s < t < 4 s. The control law for
the actuators in charge of the suppression of vibrations and
perturbations in rigid-body motions during maneuvering is
direct velocity feedback control, or

fsi= -0.5usy(rsi,t), 5 = 1,2,3, / = 1,2 (87)

where usy is the^5 component of us (i.e., the bending displace-
ment), and rsi represents the location of each actuator. The
body axes for the various beams are as shown in Fig. 4. Be-
cause the applied torque excites only the antisymmetric mo-
tion, it appears natural to represent the elastic motion of the

center beam by antisymmetric shape functions. The shape
functions are chosen from the space of quasicomparison func-
tions13 and represent linear combinations of clamped-free and
clamped-pinned shape functions for each half of the beam.
For the peripheral beams, linear combinations of clamped-free
shape functions were used. Clamped-free and clamped-pinned
shape functions are given by

<t>s = cosh \iZ - cos X/z - a/(sinh X/z - sin X/z) (88)

where X/ = 1.875, 4.694, 7.855, 10.996, 14.137,..., a /= 0.734,
1.018, 0.999, 1.000, 1.000,... for the clamped-free shape

•s
I

R3x (Uncontrolled)

(Uncontrolled)

R- (Uncontrolled)

t(s)

Fig. 6 Time histories of the translational motions of beams 2 and 3. Fig. 9 Time histories of the rotational motions of beams 1 and 2.

t(s)

Fig. 7 Time histories of the translational motions of beam 2. Fig. 10 Time histories of the generalized displacements of beam 1.

, 6, (Uncontrolled)

2 3

t(s) t(s)

Fig. 8 Time histories of the rotational motions of beams 2 and 3. Fig. 11 Time histories of the generalized displacements of beam 1.
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Fig. 12 Time histories of the generalized displacements of beams 2
and 3.

Fig. 13 Time histories of the generalized displacements of beams 2
and 3.

functions and X; = 3.927, 7.069, 10.210, 13.352, 16.493,...,
a /= 1.001, 1.000, 1.000, 1.000, 1.000,... for the clamped-
pinned shape functions.

Figures 5-13 show time histories of the response of the
system. The time integration of state equations was carried out
by means of the IMSL routine DIVPAG. Figure 5 shows a
time lapse picture of the three-beam configuration based on
the zero-order solution. Figures 6-13 show time responses of
the system, i.e., combinations of the zero-order and first-order
solutions. Because of symmetry, the middle of the center beam
does not move and joints 2 and 3 move antisymmetrically, as
shown in Fig. 6. Figure 7 shows the time history of the uncon-
trolled and controlled translational motions of beam 2. The
uncontrolled response clearly exhibits the effect of flexibility.
On the other hand, the controlled response is much smoother,
reflecting the fact that the elastic vibration and the perturba-
tions in the rigid-body motions have been suppressed. The
response of beam 3 exhibits exactly the same characteristics as
the response of beam 2. Moreover, from Fig. 8, we conclude
that beams 2 and 3 rotate in opposite sense, so that they
maintain an angle difference equal to IT at all times. Figure 9
shows the time history of uncontrolled and controlled rota-
tional motions of beams 1 and 2. Based on Figs. 7 and 9, we
can conclude that the direct-velocity feedback control law used
in this example, which is based on the velocity of elastic mo-
tions, is capable of suppressing perturbations in rigid-body
motions. Figures 10-13 show time histories of uncontrolled
and controlled generalized coordinates corresponding to the
bending vibration of each beam. It is shown that the direct-
velocity feedback control law is effective in suppressing vibra-
tions. Because of symmetry, the elastic vibrations of beams 2
and 3 are exactly the same during the maneuver.

IX. Summary and Conclusions
This paper is concerned with the development of a math-

ematical formulation capable of treating the problem of
maneuvering and control of flexible multibody systems. The
formulation is based on equations of motion in terms of quasi-
coordinates derived for each substructure independently of the
other substructures. The individual substructures are made to
act as a single structure by means of a consistent kinematical
synthesis. The net effect of this synthesis is the elimination of
the redundant coordinates resulting from the original treat-
ment of the substructures as if they were independent.

In most problems of interest, the elastic motions are small
compared to the maneuvering motions. In recognition of this,
a perturbation approach is developed whereby the rigid-body
maneuvering of the system defines the zero-order problem and
the elastic motions and perturbations from the rigid-body
maneuvering define the first-order problem, where the term
1 'order" refers to magnitude in a perturbation sense. The kin-
ematical synthesis mentioned earlier is applied to both the
zero-order problem and the first-order problem. The zero-or-
der problem for the rigid-body maneuvering is nonlinear and
of relatively low dimension and can be solved independently
of the first-order problem. The control can be open loop or
closed loop. On the other hand, the zero-order solution in-
duces time-varying coefficients and persistent disturbances in
the first-order problem. The system of state equations describ-
ing the first-order problem is linear, time varying, and of high
dimension. The equations are in terms of components about
body axes, which makes them ideally suited for control design.
The control can be divided into two parts: one closed-loop part
designed to control transient disturbances and another part
designed to reject persistent disturbances. The formulation
lends itself to ready computer implementation.

As a numerical example, a planar three-beam system is ma-
neuvered according to a bang-bang control law by means of a
torque applied to the center beam. Each beam is equipped with
two actuators in charge of suppressing vibrations and pertur-
bations in rigid-body motions; they exert forces according to
the direct velocity feedback control law. The numerical exam-
ple shows the effectiveness of the algorithm developed in this
paper as well as the applicability of the equations to the ma-
neuvering and control of flexible multibody systems.
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